The aim of this paper is to show that the normalizing rank aggregation method can not only be used to derive the priority vector for a multiplicative preference relation, but also for the additive transitive fuzzy preference relation. To do so, a simple functional equation between fuzzy preference's element and priority weight is derived firstly, then, based on the equation, three methods are proposed to prove that the normalizing rank aggregation method is simple and effective for deriving the priority vector. Finally, a numerical example is used to illustrate the proposed methods.
Introduction
Multi-attribute decision making is a prominent area of modern decision science. The decision maker often needs to select the most desirable alternatives or rank the alternatives from a given alternative set. There are often two processes in the process, namely: (1) the preference process; and (2) the priority process. In the former process of decision making, the decision maker (DM) generally needs to provide his/her preferences over a set of n decision alternatives. In other words, the decision maker needs to compare these alternatives with respect to a single criterion and constructs a preference relation. In the latter process, the decision maker (DM) then derives the priority vector of the preference by some techniques based on the given preference relation. Pairwise comparison is the most common technique to construct a preference relation. Up to now, there are two common kinds of preference relations, one of the preference relations takes the form of multiplicative preference relation, which was introduced by Saaty [20] firstly, and since then, the analytic hierarchy process (AHP) has been widely studied [3, 5, 7, 11, 13, 16, 17, 25] and has been applied extensively in many fields, such as economic analysis, technology transfer, and population forecast [24] . The AHP also has been extended to the fuzzy environment, called fuzzy AHP [1, 26] , and has been used to prioritization of organization capital measurement indicators [1] , new product screening [26] , etc. Another preference relation takes the form of fuzzy preference relation [4, 7, 8, 12, 14, 15, 18, 19, [21] [22] [23] [27] [28] [29] 33, 34] (or called probabilistic relation). Many methods have been proposed for assessing the priority vector of a multiplicative preference relation, such as the eigenvector method [20] , normalizing rank aggregation method [20] , synthetic hierarchy method [16] , least square method [13] , gradient eigenvector method [5] , logarithmic least square method [6] , generalized chi square method [30] . But for fuzzy preference relations, some priority methods which called choice functions or degrees have been given [4, 12, 14, 15, 19] , rarely references have focused on the direct approach to derive the priority of the fuzzy judgement matrix compared with the multiplicative judgement matrix. Fan et al. [7] presented an optimization model, Xu and Da [33] presented a least deviation method to obtain a priority vector of a fuzzy preference relation, Wang and Fan [27] applied the logarithmic and geometric least squares methods to deal with the group decision analysis problems with fuzzy preference relations. Wang et al. [28] proposed a chi-square method for obtaining a priority vector from multiplicative and fuzzy preference relations. These methods are both complexity and difficult to compute. Therefore, it is important to find an easy method to priority for the fuzzy preference relation. For the multiplicative preference relation, the normalizing rank aggregation method is one of the effective and simple methods, which can be used to derive the priority easily, motivated by the idea, can this method be used to fuzzy preference relation? And on the other hand, the consistency property is one of the most important properties. The lack of consistency in decision making can lead to inconsistent conclusions; Tanino [21] presented the additive transitivity property of the fuzzy preference relations, and additive transitivity is a stronger concept [21, 22] . The problem of consistency itself includes two problems [10] : (1) when an expert, considered individually, is said to be consistent and, (2) when a whole group of experts are considered consistent. In this paper, we focus on the first problem, assuming that expert's preferences are expressed by means of a fuzzy preference relation defined over a finite and fixed set of alternatives.
In real practice, there may be cases where the expert would not be able to efficiently express any kind of preference degree between two or more of the available options. This may be due to an expert not possessing a precise or sufficient level of knowledge of part of the problem, or because the expert is unable to discriminate the degree to which some options are better than others. Therefore, it would be of great importance to provide the experts with tools that allow them to express this lack of knowledge in their opinions. It is called incomplete fuzzy preference relations [2, 9, 31, 32] . Herrera-Viedma et al. [9] presented a new decision model to deal with GDM problems with the incomplete fuzzy preference relations based on the additive consistency. Chiclana et al. [2] presented a new estimation method of missing values in an incomplete fuzzy preference relation which is based on the U-consistency criteria.
In this paper, we propose the normalizing rank aggregation method for priority of a perfectly consistent fuzzy preference relation. If the fuzzy preference is not perfectly consistent, we will prove that it still could use the normalizing rank aggregation method for priority after the transformation, and the transformation preference relation is perfectly consistent, and also has the same priority of the initial fuzzy preference relation. For the incomplete fuzzy preference relation, we present a method to estimate the missing values in the incomplete fuzzy preference relation. It shows that the normalizing rank aggregation method is effective to compute the priority of the fuzzy preference relation.
To do so, this paper is structured in the following way. Section 1 is an introduction. Section 2 gives the basic concepts of the multiplicative preference relation and fuzzy preference relation, and also introduces the normalizing rank aggregation method for priority of the multiplicative preference relation. Section 3, we deduce the function between the fuzzy preference relation and priority vector, and the function can be expressed as a simple formula. Section 4, we propose three methods to verify that the normalizing rank aggregation method is also effective to priority of a fuzzy preference relation, and also give an example. Section 5, we give a conclusion to the paper.
Normalizing rank aggregation method for priority of a multiplicative preference relation
This section describes the multiplicative preference relation and fuzzy preference relation on alternatives, and introduces the normalizing rank aggregation method for priority of the multiplicative preference relation.
Let X ¼ fx 1 ; x 2 ; . . . ; x n gðn P 2Þ be a finite set of alternatives, where x i denotes the ith alternative. In the multiple attribute decision making problems, the decision maker needs to rank the alternatives x 1 ; x 2 ; . . . ; x n from the best to the worst according to the preference information. A brief description of the multiplicative preference relation and fuzzy preference relation is given below.
The multiplicative preference relation is a positive preference relation A & X Â X; A ¼ ða ij Þ nÂn , where a ij denotes the relative weight of alternative x i with respect to x j . The measurement of a ij is described using a ratio scale and in particular, as shown by Saaty [20] , a ij 2 f1=9; 1=8; 1=7; . . . ; 1; 2; . . . ; 9g : a ij ¼ 1 denotes the indifference between x i and x j ; a ij ¼ 9 (or a ji ¼ 1=9) denotes that x i is unanimously preferred to x j , and a ij 2 f2; 3; . . . ; 8g denotes the intermediate evaluations. It is multiplicative reciprocal, i.e., a ij a ji ¼ 1; 8i; j 2 f1; 2; . . . ; ng and in particular, a ii ¼ 1; 8i 2 f1; 2; . . . ; ng. Thus we have the following definition [20] . Definition 1. Let A ¼ ða ij Þ nÂn be a multiplicative preference relation, then A is called a consistent multiplicative preference relation (or called consistent reciprocal judgement matrix [20] ), if a ij ¼ a ik a kj , for all i; j; k.
The fuzzy preference relation R is described as follows: R & X Â X; R ¼ ðr ij Þ nÂn , with membership function u R : X Â X ! ½0; 1, where u R ðx i ; x j Þ ¼ r ij denotes the preference degree of the alternative x i over x j [4, 14, 21, 23] : r ij ¼ 0:5 denotes indifference between x i and x j ; r ij ¼ 1, denotes that x i is unanimously preferred to x j , and 0:5 < r ij < 1 (or 0 < r ji < 0:5) denotes that x i is preferred to x j . Definition 2. Let R ¼ ðr ij Þ nÂn be a preference relation, then R is called a fuzzy preference relation [4, 7, 8, 12, 14, 15, 18, 19, [21] [22] [23] [27] [28] [29] 33, 34] if r ij 2 ½0; 1; r ij þ r ji ¼ 1; r ii ¼ 0:5 for all i; j ¼ 1; 2; . . . ; n Definition 3. Let R ¼ ðr ij Þ nÂn be a fuzzy preference relation, then R is called an additive transitive fuzzy preference relation, if the following additive transitivity [21] is satisfied: r ij ¼ r ik À r jk þ 0:5 for all i; j; k:
We also call the additive transitive perfectly consistent.
From Definition 2, we can get the following results easily: Theorem 1. Let R ¼ ðr ij Þ nÂn be a fuzzy preference relation, then the sum of all the elements of R is n 2 =2, that is
In the following, we will introduce the normalizing rank aggregation method for priority of the multiplicative preference relation.
For w ¼ fw 1 ; w 2 ; . . . ; w n g T be the weighting vector of a multiplicative reciprocal judgement matrix A ¼ ða ij Þ nÂn , then
If A ¼ ða ij Þ nÂn is perfectly consistent, then
We call Eq. (2) normalizing rank aggregation method; From above, we know that if A ¼ ða ij Þ nÂn is perfectly consistent reciprocal judgement matrix, the weighting vector can be got easily by Eq. (2), it is only to sum all the elements of each line and sum all the elements of the matrix. But for a fuzzy preference relation, in the following, we will show that it also can be used to derive the weighting vector.
The relationship between the fuzzy preference relation and priority vector
As we have stated above, suppose that we have a set of alternatives, X ¼ fx 1 ; x 2 ; . . . ; x n g, the expert gives his/her fuzzy preference relation, and constructs the judgement matrix R, R ¼ and w 1 ; w 2 ; . . . ; w n be the corresponding ranking vector of each alternativex 1 ; x 2 ; . . . ; x n , where w i P 0; P n i¼1 w i ¼ 1. Based on the description of the fuzzy preference relation given in the Section 2, r ij denotes the pairwise preference degree of alternative x i over x j . Since it is well known that the preference information between alternative x i and x j can also be reflected in their ranking values w i and w j , there exists an explicit function relation between r ij and the ranking values w i and w j . From the Definitions 2 and 3, r ij denotes the preference degree of the alternative x i over x j , the greater r ij , the stronger the preference of alternative x i over x j ; r ij ¼ 0:5 denotes indifference between x i and x j . Thus, w i À w j is also the preference degree of x i over x j , and the greater w i À w j , the stronger the preference of alternative x i over x j . So, there exists some relationship between r ij and w i À w j . We use function f to denote the relationship, which is r ij ¼ f ðw i À w j Þ [34] .
In the following, we infer the properties of f:
(1) From the above analysis, we know that the greater r ij , the stronger the preference degree of x i over x j . Similarly, the greater w i À w j , the stronger the preference degree of x i over x j . So, the function f ðxÞ should be the increasing function on [À1,1] (since À1 6 w i À w j 6 1). (2) f is a continuous function. 
(4) From the properties of function f, we can deduce the specific form:
Using f ðxÞ ¼ a 0 þ a 1 x þ a 2 x 2 þ Á Á Á þ a n x n instead into the above equation, we have:
for all x 2 ½À1; 1, the Eq. (6) should exist (where n ¼ 2k or n ¼ 2k þ 1). Because there exist 2k solutions for 2k polynomial at most, for all x 2 ½À1; 1. If Eq. (6) holds, there must be:
thus function f can be expressed as follows:
Writing gðxÞ
So if gðx À yÞ ¼ gðxÞ À gðyÞ, for all x; y 2 ½À1; 1, there must be
In fact, because gðx À yÞ ¼ gðxÞ À gðyÞ, for all x; y 2 ½À1; 1, generally, if y ¼ cxðc is an arbitrary constant), then
for all x 2 ½À1; 1, Because there exist 2k À 1 solutions for 2k À 1 polynomial at most, then
Because c is an arbitrary constant, so we again can get
t for r ij ¼ f ðw i À w j Þ and f ðxÞ ¼ 0:5 þ a 1 x, we have
As stated above, we have the following results: Lemma 1. Let R ¼ ðr ij Þ nÂn be a fuzzy additive transitive preference relation, w ¼ ðw 1 ; w 2 ; . . . ; w n Þ T be the corresponding weighting vector, where 0 6 w i 6 1; i ¼ 1; 2; . . . ; n; P n i¼1 w i ¼ 1, then there exists a positive number b, and such a relation can be expressed as follows:
As f is a continuous and increasing function, so b > 0. In the following, we will deduce how to take the value of b corresponding to the fuzzy preference relation R. Lemma 2. Let R ¼ ðr ij Þ nÂn be a fuzzy preference relation, we take the below transformation:
where a P 1 2ðnÀ1Þ
.
(i) The transformation matrix P ¼ ðp ij Þ nÂn will be additive transitive perfectly consistent.
(
Á ð1 À nÞ P 0;
and
On the other hand,
From Definition 2, we know that P ¼ ðp ij Þ nÂn is additive transitive perfectly consistent.
(ii) If R is additive transitive perfectly consistent, then r ij ¼ r ik À r jk þ 0:5 for all 8i; j; k ¼ 1; 2; . . . ; n, we have
On the other hand, if R ¼ P. From (i), we know that P ¼ ðp ij Þ nÂn is additive transitive perfectly consistent, so R is also additive transitive perfectly consistent, which completes the proof Lemma 2.
From Lemma 2, if a ¼ 1 n , it is clear that the transformation preference relation P ¼ ðp ij Þ nÂn is closer to the initial preference relation R ¼ ðr ij Þ nÂn . If a-1 n , then the transformation preference relation P ¼ ðp ij Þ nÂn is deviation from the initial preference relation R ¼ ðr ij Þ nÂn , that is to say, if the initial preference relation R ¼ ðr ij Þ nÂn is additive transitive perfectly consistent, the transformation preference relation P ¼ ðp ij Þ nÂn is also additive transitive perfectly consistent, but they are not equal ðP-RÞ, thus the transformation changes the initial information, and cannot express true options of the decision maker (DM).
Three proposed methods
In the following, we will prove that the normalizing rank aggregation method can be used to calculate the weighting vector for the fuzzy preference relation through three methods. 
Summing on both sides of Eq. (16) with respect to j, then
Therefore,
which completes the proof. The above equation is similar to Eq. (2). So we also call the method is normalizing rank aggregation method. h Theorem 3. If fuzzy preference relation R is not perfectly consistent, we also can use Eq. (15) to obtain the priority vector.
Proof. If R is not perfectly consistent, let w ¼ ðw 1 ; w 2 ; . . . ; w n Þ T be the priority of R, and let w 0 ¼ ðw P n l¼1 r il À P n l¼1 r jl À Á , if P n l¼1 r il > P n l¼1 r jl , then w i > w j , and a P 1 2ðnÀ1Þ > 0, so p ij > 0:5, it denotes that w 0 i > w 0 j . So, the priority order of the transformation preference relation P is same as the initial fuzzy preference relation R.
And also the transformation preference relation P is perfectly consistent, and from Theorem 2, we can use normalizing rank aggregation method to obtain the weighting vector of P, that is
It is still the Eq. (15) . So the priority of the transformation preference relation P is same as the priority of R. Therefore, by Theorems 2 and 3, we can know that the priority weighting vector of a fuzzy preference relation can be obtained by normalizing rank aggregation method whether the fuzzy preference relation R is perfectly consistent or not.
Method 2: least variance method
From the above method, we can know that if R is additive transitive perfectly consistent fuzzy preference relation, then r ij ¼ n 2 ðw i À w j Þ þ 0:5, but in the most situations, the decision maker gives his/her preference relation R is not always perfectly consistent, that is Eq. (13) does not hold, there is deviation between r ij and n 2 ðw i À w j Þ þ 0:5, and the deviation degree is given by Eq. (17),
Apparently, f ij is the explicit function of w i ði ¼ 1; 2; . . . ; nÞ. For all i; j; i; j ¼ 1; 2; . . . ; n, we can form a new collective deviation degree and construct the deviation function as follows:
Obviously, the smaller the value of total deviation degree FðwÞ, the better consistent is. So the reasonable weighting vector w Ã should be
The priority weighting vector derived by Eq. (18) 
Proof. To prove the conclusion, we change FðwÞ to the following form:
We can construct the Lagrange function
where k is the Lagrange multiplier. Since both F 0 ðwÞ and Lðw; kÞ are differential for w i ; i ¼ 1; 2; . . . ; n, differentiating Eq. (20) with respect to w i ; i ¼ 1; 2; . . . ; n, and setting the partial derivatives equal to zero, we get the following set of equations:
Summing on both sides of Eq. (22) with respect to i; i ¼ 1; 2; . . . ; n, we have
As a result k ¼ 0. Hence, from Eq. (22) and k ¼ 0, it can be obtained that
, then
which completes the proof Theorem 4.
From Theorem 4, we can know that the priority weighting vector derived by Least Variance Method (LVM) is same to the normalizing rank aggregation method, it also notes that the scientific and rationality of the normalizing rank aggregation method. From Eq. (26)
, from Eq. (27),
À 1, there also be w i 6 0, it notes that it is unreasonable to take b ¼ 1 2 or b ¼ 1. h
Method 3: incomplete fuzzy preference relation method
Definition 4 [31] . Let C ¼ ðc ij Þ nÂn be a fuzzy preference relation, then C is called an incomplete fuzzy preference relation, if some of its elements cannot be given by the DM, which we denote the unknown number x, and the others can be provided by the DM, which satisfy c ij 2 ½0; 1; c ij þ c ji ¼ 1; c ii ¼ 0:5.
Definition 5 [31] . Let C ¼ ðc ij Þ nÂn be an incomplete fuzzy preference relation, then C is called an additive consistent incomplete fuzzy preference relation, if all the known elements of C satisfy the additive transitivity c ij ¼ c ik À c jk þ 0:5. Let S be the set of all the known elements of the incomplete fuzzy preference relation. For a fuzzy preference relation, which all the elements is known, from Theorem 2, we have proved that it is more reasonable to take b ¼ n 2 , therefore
and we extend the conclusion to the unknown elements of the incomplete fuzzy preference relation, that is, if c ij ¼ x, then we instead x by n 2 ðw i À w j Þ þ 0:5. Let C ¼ ðc ij Þ nÂn be an incomplete fuzzy preference relation, we construct an auxiliary fuzzy preference relation C ¼ ð c ij Þ nÂn , its element is: From the incomplete fuzzy preference relation C, we construct the auxiliary fuzzy preference relation C ¼ ð c ij Þ nÂn as follows (where n ¼ 3Þ. We use normalizing rank aggregation method to obtain the priority vector, that is
We get the following linear equations: Solving the linear equations, we obtain: Obviously, C is not an additive consistent fuzzy preference relation, again, we can see that it is more reasonable to take b ¼ n=2 thanb ¼ 1=2.
In the following, we will see that b ¼ n=2 is appropriate than b ¼ 1=2 through another way.
For an incomplete fuzzy preference relation, generally, Eq. (29) does not hold. We can construct the following deviation function:
As C is incomplete fuzzy preference relation, we still use the above method to construct the auxiliary fuzzy preference rela- 
And construct the following multiple objective programming model:
. . . ; n; i-j s:t: X n i¼1 w i ¼ 1; w i P 0; i ¼ 1; 2; . . . ; n Solution to the above minimization problem is found by solving the following goal programming model:
. . . ; n; i-j whered þ ij is the positive deviation from the target of the goal e ij , defined as
is the negative deviation from the target of the goal e ij , defined as
s ij is the weighting factor corresponding to the positive deviation d þ ij ; t ij is the weighting factor corresponding to the negative deviation d
Consider that all the goal functions e ij are fair, then we can set s ij ¼ t ij ¼ 1; i; j ¼ 1; 2; . . . ; n, and then the model (LOP1) can be rewritten as
. . . ; n; i-j By solving the model (LOP2), we can obtain the priority vector w ¼ ðw 1 ; w 2 ; . . . ; w n Þ T of the incomplete fuzzy preference
We still use the above example to compute. And by the model (LOP2), we construct the following linear model: T , and also we can verify the result is unreasonable, and the fuzzy preference relation is not additive consistency. The above linear programming method again notes that the value of b should take n=2, and by Theorem 2, we can verify that the normalizing rank aggregation method is an effective way to compute the priority of a fuzzy preference relation. And from the example results, we can know that b ¼ n=2 is prefer to b ¼ 1=2 which is taken by Xu [32] . But Xu [32] did not mention why take b ¼ 1=2.
Conclusions
In this paper, we first study the normalizing rank aggregation method for the multiplicative preference relation, then we construct an exactly function between the additive transitivity fuzzy preference relation and its corresponding priority vector. Based on the function, we propose three methods to verify that the normalizing rank aggregation method is also an effective priority method for the additive transitivity fuzzy preference relation, we call the three methods are normalizing rank aggregation method, least variance method, incomplete fuzzy preference relation method. The proposed normalizing aggregation method is simple and efficient. In the above three proposed methods, the normalizing rank aggregation method and the least variance method, we have given the theorems to verify the effectiveness of the normalizing rank aggregation method. But for the incomplete fuzzy preference relation method, we only give the numerical example to show that the normalizing rank aggregation method can be used to derive the priority vector of an additive transitive fuzzy preference relation. Will it always satisfy general cases? It will be left for our future work. And also in the future, we will focus on the use of the present method for the group decision making problem, i.e. when a whole group of experts are considered consistent.
